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Tetrahedral Decompositions of Hexahedral Meshes 
DEREK HACON AND CARLOS TOMEI 
A hexahedral mesh is a partition of a region in 3-space 1R3 into (not necessarily regular) 
hexahedra which fit together face to face. We are concerned here with the question of how the 
hexahedra may be decomposed into tetrahedra without introducing any new vertices. We 
consider two possible decompositions, in which each hexahedron breaks into five or six 
tetrahedra in a prescribed fashion. In both cases, we obtain simple verifiable criteria for the 
existence of a decomposition, by making use of elementary facts of graph theory and algebraic. 
topology. 
1. INTRODUcnON 
A hexahedral mesh is a partition of a region in 3-space ~3 into (not necessarily 
regular) hexahedra which fit together face to face. We are concerned here with the 
question of how the hexahedra may be decomposed into tetrahedra without introduc-
ing any new vertices. 
There is one well known [1] way of decomposing a hexahedral mesh into 
non-overlapping tetrahedra which always works. Start by labelling the vertices 
1,2,3, .... Then divide each face into two triangles by the diagonal containing the 
first vertex of the face. Next consider a hexahedron H with first vertex V. The three 
faces of H not containing V have already been divided up into a total of six triangles, 
so take each of these to be the base of a tetrahedron with apex V. 
This decomposition is compatible in the sense that the decomposition of the 
hexahedra into tetrahedra agrees with the preliminary division of the faces into 
triangles. Or, to put it slightly differently, the decompositions of two hexahedra with a 
common face determine the same decomposition of that face. The disadvantage of this 
method is that one has little control over how the individual hexahedra will be 
decomposed. 
Consider a regular cube of unit volume (see Figure 1). There are in fact 58 different 
ways of selecting the four vertices of a tetrahedron from the eight vertices of the cube 
and 74 possible decompositions of the cube into such tetrahedra. These tetrahedra 
come in various shapes and sizes. There are two central tetrahedra ACFH and BDEG, 
eight corner tetrahedra ABCF, BCDG and so on, and 48 others, each containing just 
one of the four inner diagonals AG, BH, CE, DF. For 24 of these 48 the edge 
opposite the inner diagonal is an edge of the cube (for instance ABCG) and for the 
other 24 the opposite edge is a face diagonal (for example ABCH). For a regular 
hexahedron, of unit volume, the two central tetrahedra have volume 1/3 and the rest 
all have volume 1/6. Thus a decomposition either contains a central tetrahedron, and 
hence five tetrahedra in all, or no central tetrahedron and six tetrahedra in all. The 
following table lists the various types of decomposition of the cube, together with how 
many there are of a given type and how symmetric they are (the total number of 
symmetries of the cube being 48), as shown in the table at the bottom of page 436. 
The two most symmetrical decompositions in the table above are the 5T decomposi-
tion containing one central tetrahedron and the 6T decomposition which is the one with 
no corner tetrahedra. These two are of particular interest as they require the least 
amount of data to specify them. 
The contents of the paper are as follows. In Section 2 we introduce some basic 
notation used throughout the paper and provide topological criteria for the existence of 
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decompositions of meshes of a special type. In Sections 3 and 4 we treat in detail the 
cases of 5T and 6T decompositions. 
2. DEcoMPosmoNs VIA CONTINUATION 
An individual hexahedron of a mesh resembles a regular cube in that it has six (not 
necessarily planar) quadrilateral faces. Two hexahedra meet either in a face or edge or 
vertex of both, or not at all. Around any edge there may be arbitrarily many 
hexahedra. A face belonging to two hexahedra is called an interior face and two such 
hexahedra are referred to as adjoining hexahedra. An edge (resp. vertex) which is 
completely surrounded by hexahedra (or, more precisely, such that every face 
containing that edge (resp. vertex) is an interior face) is called an interior edge (resp. 
interior vertex). In Figure 3, for instance, there are two interior edges and no interior 
vertices. 
In this section we consider continuation, which is a particular method of decompos-
ing meshes into tetrahedra. One starts with a rule which tells one how to pass from a 
decomposition of any hexahedron to a compatible decomposition of any adjoining 
hexahedron i.e. a one-to-one correspondence between the decompositions of any pair 
of adjoining hexahedra such that corresponding pairs of decompositions are compatible 
across the common face. The main example is reflection, under which two decomposi-
tions of adjoining hexahedra correspond if they are 'mirror images' of one another 
across the common face, as in Figure 2(a). In the special case of 6T decompositions one 
can translate a decomposition of a hexahedron to a decomposition of an adjoining 
hexahedron as in Figure 2(b). 
Now define a decomposition of a mesh as follows. Let Ho be a fixed hexahedron. 
Given a decomposition of Ho, one has decompositions of all adjoining hexahedra. 
Continuing in this way one can reach any hexahedron HI in the mesh, thus obtaining, 
by continuation, a decomposition of HI' Clearly, this will give rise to a well defined 
decomposition of the mesh iff, for any hexahedron HI, the decomposition of HI does 
Number of comer Number of Number of symmetires 
tetrahedra in decompositions of a decomposition 
decomposition of this type of this type 
0 4 12 
24 2 
2 edge to edge 24 2 
2 opposite 12 4 
3 8 6 
4 2 24 
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not depend on which sequence of hexahedra was used to connect Ho to H 1• This, in 
tum, is equivalent to saying that any sequence of hexahedra which brings Uo back to 
itself brings the given decomposition of Ho back to the same decomposition I This 
motivates the following definitions. 
A closed chain of hexahedra (based at Ho) is a sequence Ho, H11 ... , Hn such that 
Hn = Ho and any two consecutive hexahedra are adjoining. A closed chain is 
single-valued if continuation around it brings the given decomposition of Ho back to 
itself. Clearly, continuation yields a well defined decomposition of the mesh iff all closed 
chains are single-valued. For example, in Figure 3 one can continue a 5T 
decomposition of Ho by reflection, but not a 6T decomposition. (Nevertheless, there do 
exist 6T decompositions of this mesh.) 
The reader will certainly have noticed the striking similarity between the problem of 
defining compositions by continuation and the question of the single-valuedness of 
continuation of analytic functions. For the rest of this section we will be interested in 
discovering when one can check that continuation is well defined by verifying 
single-valuedness of some, but not all, closed chains. 
An elementary chain is any closed chain of the form Ho· .. H, K1 ... Kn H,· .. Ho, 
where K1 ... Kn are the hexahedra around some interior edge of the mesh. 
The dual graph of the mesh may be conveniently represented by choosing one vertex 
H* in the interior of each hexahedron H and one edge H* K*, running from H* to K* 
across the common face, for each pair H, K of adjoining hexahedra. A closed chain 
Ho· .. Hn- 1 Ho, based at Ho gives rise to a loop H~ ... H:- 1 H~ based at H~, in the 
dual graph and hence to a loop in the region R. Recall that two loops, based at H~, in 
the region R are said to be homotopic in R if there is a continuous deformation taking 
one loop to the other through a continuously varying family of loops in R, all based at 
H~. In other words, two loops are homotopic in R if they define the same element of 
the fundamental group of R (based at H~). Two closed chains are homotopic in R if 
their corresponding loops are homotopic in R. 
FIGURE 3. 
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THEOREM 1 (homotopy invariance of single-valuedness). Suppose that all the 
elementary chains in a mesh are single-valued. Then any closed chain homotopic in R to 
a single-valued closed chain is itself single-valued. 
Before giving the proof of Theorem 1 we recall a useful combinatorial description 
of the fundamental group. For more details see, e.g., [2]. Let E be an interior edge 
of the mesh and K 1 ••• Kn the hexahedra around E. Then the edges 
KtK;, K;Kj, ... , K:Kt make up the boundary of a polygonal disk, as in Figure 3. 
The dual complex consists of the dual graph together with one such polygonal disk for 
each interior edge. Note that to an elementary chain there corresponds a loop in the 
dual graph. This loop goes from H~ along a path y to Kt on the boundary of a 
polygonal disk, then goes once around this disk returning to Kt and finally retraces its 
steps along y back to H~. 
The point of considering the dual complex is that if two loops in the dual graph are 
homotopic in R then they are homotopic in the dual complex. To see this, first remove 
from R a small neighbourhood of each of the vertices of the mesh. This does not affect 
the fundamental group. The remaining region can then be shrunk down onto the dual 
complex and this also does not affect the fundamental group. (In other words, inclusion 
of the dual complex into R induces an isomorphism of fundamental groups.) 
PROOF OF THEOREM 1. From the edge-path group description of the fundamental 
group of a complex (see [2]) it follows that if two closed chains).. and f.l are homotopic 
in the dual complex then they differ by a sequence of elementary chains: namely, 
).. = el .•. enf.l, the chain obtained by traversing first the elementary chain el' then 
e2, ... , en and then f.l. Theorem 1 now follows because, by hypothesis, all elementary 
chains are single-valued, so that if f.l is single-valued so is)... D 
REMARK. In fact, any loop in R based at H~ is homotopic in R to a loop 
H~Ht· .. H:- 1 H~ in the dual graph. 
COROLLARY 1. If R is a simply connected region than any decomposition of Ho gives 
rise to a decomposition of the mesh by continuation, provided that all elementary loops 
are single-valued. 
PROOF. This is because any loop is homotopic to the trivial loop consisting of one 
vertex H~ and no edges, and this is clearly single-valued. D 
In the important special case of continuation by reflection, it is useful to deal with 
even meshes. An even mesh is one in which every interior edge is surrounded by an 
even number of hexahedra or, equivalently, where every polygonal disk in the dual 
complex has an even number of edges. That elementary loops in an even mesh are 
indeed single-valued should be clear from Figure 4, which shows the top faces of six 
hexahedra surrounding an interior edge and the effect of reflection in the faces around 
that edge. Thus one has the following: 
COROLLARY 2. In an even, simply connected mesh one may define decompositions of 
all types by reflection. 
As for translation, one has the following more specific result. 
COROLLARY 3. Suppose the region R is simply connected. Then one can define 6T 
decompositions by translation provided that the number of hexahedra around any 
interior edge is always a multiple of 4. 
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The simple proof that, in this case, each elementary loop is single-valued, is left to 
the reader. 
For example, Corollary 3 holds for a box of cubes. 
There are analogous results for meshes in other dimensions. In dimension 2 we 
replace hexahedra by quadrilaterals and, in Corollary 2, the same techniques show 
that, instead of even meshes, one may consider arbitrary simply connected meshes. 
Similarly, Corollary 3 holds in dimension 2 even if 4 is replaced by 2. 
To show the algorithmic simplification arising from the above ideas, consider an even 
mesh in a solid region with a number of (unknotted) holes in it. To check that a given 
decomposition of Ho can be continued by reflection we need only check that, for each 
hole, some loop (based at H;) around that hole is single-valued. 
Even if decompositions cannot be defined by continuation one can sometimes 
guarantee this by slightly modifying the mesh. This is most easily accomplished for 5T 
decompositions, which are studied in the next section. 
3. 5T DEcoMPosmoNs 
Clearly, any 5T decomposition of a mesh may be obtained by reflection (see Figure 
2). Thus the existence of 5T decompositions may be checked using Theorem 1. 
Theorem 1 applies here since continuation by reflection around an elementary loop of 
a 5T decomposition of Ho is always single-valued, a fact which is easily checked by a 
picture. So, by Theorem 1, the single-valuedness of a loop depends only on the 
homotopy class of the loop, rather than on the loop itself. Moreover, in the Appendix 
it is shown that this single-valuedness in fact depends only on the mod 2 homology class 
of the loop. A concrete example is a solid torus with three holes (see Figure 5). By 
FIGURE 5. 
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Theorem 1, it suffices to check single-valuedness around a, p, y. From the Appendix, 
however, it follows that one need only check single-valuedness around a', p', y'. 
Suppose that the loop a' above is not single-valued. Then choose a slice S of 
hexahedra of 'unit thickness' and cut it down the middle as in Figure 6, into two slices. 
Now, in the modified mesh, the loop a' is single-valued. 
Finally, we consider a different algorithm for obtaining 5T decompositions. This 
relies on the fact that a 5T decomposition exists iff the vertices of the mesh may be 
colored alternately. That is, each vertex may be colored with one of two colors so, that 
for any edge of the mesh, the two vertices of that edge have opposite colors (see, 
again, Figure 2). 5T decompositions and alternate colorings are related by the rule 
'color the vertices of all central tetrahedra of the 5T decomposition with one color and 
the rest of the vertices with the other color'. This, in turn, is equivalent to requiring 
that every closed loop in the graph of the mesh has an even number of edges. Using 
techniques similar to those of the last section, one can prove the following: 
THEOREM 2. A mesh admits a 5T decomposition iff there is a set of loops in the graph 
of the mesh which generate the mod 2 homology of the region R, and are all of even 
length. 
4. 6T DEcoMPOsmoNs 
In contrast to the 5T case, there are meshes on simply connected regions which do 
not admit 6T decompositions (see, e.g. Figure 7). In fact, 6T decompositions 
correspond to solutions of a certain inhomogeneous system of linear equations with 
mod 2 coefficients. A convenient way to describe a 6T decomposition is by specifying 
compatible face diagonals. Notice that, in a 6T decomposition of a hexahedron, face 
diagonals in opposite faces are parallel (see Figure 2). This leads us to make the 
FiGURE 7. 
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following definitions. Two faces are said to belong to the same stack if there is a 
sequence of faces linking them such that any two successive faces of the sequence are 
opposite faces in some hexahedron. Clearly, every face is contained in one, and only 
one, stack. In Figure 3, for instance, there are seven stacks. 
An orientation of a stack is a choice of face diagonal in each face of the stack so that 
opposite faces in a hexahedron have parallel face diagonals. Thus each stack has at 
most two orientations. An example of a stack possessing no orientation is shown in 
Figure 7. 
However, the existence of a 6T decomposition clearly implies that all stacks are 
oriented. So we consider only meshes whose stacks can all be given orientations. In this 
case the system may be simply described as follows. 
Choose a fixed orientation for each stack (which ones we choose will not affect the 
argument). For each hexahedron H we define the defect {jH to be 0 if the three 
orientations occurring in H give rise to a 6T decomposition of H and to be 1 if not. 
Notice that any vertex of h is contained in an odd number of face diagonals if {jH = 0 
and in an even number of face diagonals if {jH = 1. 
Now consider the effect on {jH of a change of orientations. For the ith stack write 
Xi = 0 if the new orientation agrees with the old and Xi = 1 if not. Let {j ~ be the defects 
with respect to the new orientations. Then we have the formula 
(mod 2), 
where the stacks passing through H are the ith, jth and kth stacks, and it could happen 
that two or three of these are the same stack. 
From the discussion above it follows that a 6T decomposition exists iff the system 
of equations 
(mod 2) 
has a solution. 
There exist meshes which are simply connected and for which a system can be 
defined as above but which possess no 6T decompositions, i.e. whose system has no 
solution. 
In general, the system has many more equations than variables, but in fact many of 
these equations can be eliminated. 
LEMMA. Let V be an interior vertex of the mesh and consider those equations 
Xi + Xj + Xk == {jH for which H contains V. Then any such equation is the sum of the 
remaining equations. 
PROOF. It is enough to check that, for any choice of the variables Xi' the sum 
!:H{j~==O(mod2). But {j~== 1 plus the number of face diagonals of H containing V. 
Since V is an interior vertex the ratio of hexahedra containing V to faces containing V 
is precisely 2 to 3, so that the number of hexahedra containing V is even. Also, each 
face diagonal containing V is counted exactly twice in !: {j~, again because V is an 
interior vertex. Thus!: {j ~ == 0 as required. D 
As an example of how equations can be eliminated, consider a I X m X n box of 
cubes. By the above lemma, working inwards from the boundary we may neglect all 
equations coming from the (1- 1) (m -1) (n - 1) interior cubes, thus reducing the Imn 
equations to 1m + In + mn - I - m - n + 1 equations. Since there are 1m + In + mn 
stacks in the box, this suggests that the system might have I + m + n - 1 independent 
solutions, which is indeed the case-see below. 
L'sing the above lemma one can simplify the system by reducing the mesh itself 
rather than the number of equations. One uses the simple observation that if, in a 
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mesh M, a hexahedron H meets the rest of the mesh in exactly two adjoining faces, 
then any 6T decomposition of the mesh M - H extends uniquely to a 6T decomposition 
of M. The same is, in fact, also true if H meets M - H in exactly three faces all 
containing the same interior vertex V of M. For, given a 6T decomposition on M - H, 
we have orientations for all the stacks of M - H. Adding H to M - H increases the 
total number of faces by 3. Since these three faces are all last faces of stacks in M, the 
orientations of the stacks in M - H extend to orientations of stacks in M. Now, for 
each hexahedron K of M - H, one has {)K == 0 because the orientations in M - H come 
from a 6T decomposition. By the lemma one has {)H == 0 because V is an interior vertex 
of M. Thus the 6T decomposition of M - H extends uniquely to one of M. 
Consider again the I x m X n box of cubes. By repeated application of the above two 
rules, there are as many 6T decompositions of the box as there are 6T decompositions 
of the mesh on the right in Figure 8. 
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ApPENDIX 
Here we indicate why in the 5T case single-valuedness depends only on H1(R; Z2) 
rather than Jrl(R). There are two 5T decompositions of Ho, and continuation around a 
loop either interchanges them or leaves them as they are. This defines a homomorph-
ism h: Jr1(R)- Z2 and 5T decompositions exist iff h is the trivial homomorphism. Since 
Z2 is abelian, h factors through a homomorphism ii: Jrl(R)ab-Z2, where Jrl(R)ab is 
the abelianization of Jrl(R). But Jrl(R)ab is H1(R; Z) (see, e.g., [2]). Since the range of 
h is just Z2 it follows easily from first principles that ii factors through H1(R; Z2), 
justifying the assertion above. The reader familiar with basic algebraic topology will 
recognize the above discussion as a routine holonomy argument. 
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